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Abstract 

We study the lattice approximations to the dynamical 4>3 model by paracontrolled distribu¬ 
tions proposed in [GIP13]. We prove that the solutions to the lattice systems converge to the 
solution to the dynamical 4>| model in probability, locally in time. The dynamical 4>3 model is 
not well defined in the classical sense. Renormalisation has to be performed in order to define 
the non-linear term. Formally, this renormalisation corresponds to adding an infinite mass term 
to the equation which leads to adding a drift term in the lattice systems. 
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1 Introduction 

Recall that the usual continuum Euclidean <F^-quantum field theory is heuristically described 
by the following probability measure: 

N~^Il^^jdd(j){x) exp ^ — J {\V(j){x)\'^ + (j)'^{x) + (j)'^{x))dx^ , (1.1) 

where N is the normalization constant and 0 is the real-valued field and is the d-dimensional 
torus. There have been many approaches to the problem of giving a meaning to the above 
heuristic measure for d = 2 and d = 3 (see Refs. [GRS75], [GJ87] and references therein). 
In [PW81] Parisi and Wu proposed a program for Euclidean quantum field theory of getting 
Gibbs states of classical statistical mechanics as limiting distributions of stochastic processes, 
especially as solutions to non-linear stochastic differential equations. Then one can use the 
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stochastic differential equations to study the properties of the Gibbs states. This procedure 
is called stochastic held quantization (see [JLM85]). The model is the simplest non-trivial 
Euclidean quantum held (see [GJ87] and the reference therein). The issue of the stochastic 
quantization of the model is to solve the following equation: 

={A^-^^)dt + dW{t) $(0) = <ho. (1.2) 

where W is a. cylindrical Wiener process on The solution $ is also called dynamical 

model. 

In two spatial dimensions, the dynamical $2 model was previously treated in [AR91], [DD03] 
and [MW15]. In three spatial dimensions this equation (1.1) is ill-posed and the main difficulty 
in this case is that W and hence the solutions are so singular that the non-linear term is not 
well-dehned in the classical sense. It was a long-standing open problem to give a meaning to 
equation ( 1 . 2 ) in the three dimensional case. A breakthrough result was achieved recently by 
Martin Hairer in [Hail4], where he introduced a theory of regularity structures and gave a 
meaning to equation ( 1 . 2 ) successfully. Also by using the paracontrolled distributions proposed 
by Gubinelli, Imkeller and Perkowski in [GIP13] existence and uniqueness of local solutions to 
( 1 . 2 ) has been obtained in [GG13]. Recently, these two approaches have been successful in giving 
a meaning to a lot of ill-posed stochastic PDEs like the Kardar-Parisi-Zhang (KPZ) equation 
([KPZ 86 ], [BG97], [Hail3]), the dynamical $3 model ([Hail4], [GG13]), the Navier-Stokes equa¬ 
tion driven by space-time white noise ([ZZ14a], [ZZ14b]), the dynamical sine-Gordon equation 
([HS14]) and so on (see [HP14] for more interesting examples). From a philosophical perspec¬ 
tive, the theory of regularity structures and the paracontrolled distributions are inspired by the 
theory of controlled rough paths [Lyo98], [Gub04]. The main difference is that the regularity 
structure theory considers the problem locally, while the paracontrolled distribution method is 
a global approach using Fourier analysis. In [Kupl4] the author also use renormalization group 
techniques to make sense of the dynamical $3 model. . 

The lattice approximation is an important tool in constructing and studying the continuum 
$3 field (see [P75, P77, ABZ04]). It also preserves Osterwalder-Schrader positivity and also 
the ferromagnetic nature of the measure (see [GJ87] and the references therein). Let us set 
Ae := {ex G T^,a; G 1?}. Heuristically, the quantities / \ V(j){x)\^dx, f (j)‘^{x)dx, and J (j)'^{x)dx 
can be approximated by eJ2\x-y\=e,x,yeAS(l^l^) “ Hv)?, ExsAe and ExsAe 

respectively, as e tends to zero. Thus heuristically (1.1) can be approximated by the following 
heuristic probability measure /i^: 

exp (28 ^ 0(a:)0(2/) - (E -f-12^) ^ (jy^i^x) - ’ (^-3) 

\x—y\=e^x^y^Ke x^Ke ^ 

where is the normalization constant. (1.3) is still just a heuristic expression, but it is indeed 
not hard to give a rigorous sense to it (see [GJ87] and the references therein). We call this the 
lattice <l) 3 -field measure. From /i^ by deriving suitable bounds on its moments and choosing 
subsequences if necessary one gets limit measures by weak convergence. These are then the 
continuum $|-field measures. 

The following stochastic PDEs on A^ are the stochastic quantizations associated with the 
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lattice $|-field measure: 

d<l>%t,x) ={Ae<!>%t,x) - (d>")^(t,x) + (3Q - 9Cl)<l>%t,x))dt 

+ e-^^^dW,{t,x) (1.4) 

4 >^( 0 ) =$ 0 - 

Here H4(t) = {W{t,x)}x£K^ is a family of independent Brownian motions and Cq and Cf are 
defined as below. For x G define 

AJ{x):=e-^ {f{y)-f{x)), 

yeAe,y^x 

and the nearest neighbor relation a; ~ y is to be understood with periodic boundary conditions 
on Ag. We emphasize that to make sense of (1.2) we need to renormalise some ill-dehned terms 
in (1.2). This is done by adding the renormalisation terms and in the approximating 
equation (1.4). In this paper we prove that the dynamical lattice approximation converge to the 
dynamical <I >3 model. This problem is also related to the convergence of a rescaled discrete spin 
system to the solution to the dynamical model (see [MW14] for the dynamical $2 model). 

In one dimensional case, approximations to general stochastic partial differential equations 
driven by space-time white noise have been very well studied (see [Gy98, Gy99, DGOl, HMW14] 
and the reference therein). In [GP15] the authors study the Sasamoto-Spohn type discretiza¬ 
tions of the conservative stochastic Burgers equation. In three dimensional case we also study 
discrete approximations to N-S equations (see [ZZ14a]). 

In this paper we use the paracontrolled distribution method to prove that the solutions 
to the lattice approximating equation converge to the solution of the dynamical <I >3 model. 
The theory of paracontrolled distributions combines the idea of Gubinelli’s controlled rough 
path [Gub04] and Bony’s paraproduct [Bon84], which is dehned as follows: Let Ajf be the jth 
Littlewood-Paley block of a (Scharwtz) distribution /. Dehne for distributions / and g 

T^<{f,9) =T^>{9J) = Y Mf,9)= Y 

Formally fg = 7r<(/, g) + 7ro{f, (?) +vr>(/, g). Observing that if / is regular 7r<(/, g) behaves like 
g and is the only term in the Bony’s paraproduct not improving the regularities, the authors 
in [GIP13] consider a paracontrolled ansatz of the type 

u = Tr^{u',g) +u\ 

where •n<{u\g) represents the ”bad-part” of the solution, u' is some suitable function and g 
is some functional of the Gaussian held and is regular enough to dehne the multiplication 
required. Then to make sense of the product of uf we only need to dehne gf. 

Using the paracontrolled distribution method, to perform the lattice approximation of the 
dynamical (pg model we will meet the projection operators Pn, which do not commute with the 
paraproduct. Here we use a random operator technique from [GP15] to handle this operators. 
However, for the (pg model this technique is not enough for our case and we have to estimate 
an additional error term Djsf hj stochastic calculations in Section 6.4 (see Remark 4.5). 
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Framework and main result 

For > 1, let = {—N,—{N — Set £ = 2 n+i - Every point k G A^v can 

be identified with x = efc G = {x = (xi,X 2 ,X 3 ) G el? : —1 < xi,X 2 ,X 3 < 1}. We view 
Ae as a discretisation of the continuous three-dimensional torus identified with [—1,1]^. 
In the following for similicity we fix a cylindrical Wiener process in (1.2) on L^(T^) given 
by for x G and restrict it on L?{A?) as IWv = 

for X G Ag, which is also a cylindrical Wiener process on L?[A?). Here {fik} is a family of 
independent Brownian motions. Then for (1.4) and fixed A^ it is a finite dimensional SDE and 
we could easily obtain existence and uniqueness of solutions to (1.4) by [PR07], which implies 
that the solution to (1.4) has the same distribution as the solution to the following equation; 

d4>"(t,x) =(A,$"(t,x) - (<I>")^(t,x) + (3Q -9C'D4>"(t,x))dt 

+ dWN{t,x) (1.5) 

$^(0) =%. 

Following [MW14] we discuss a suitable extension of functions defined on A^ onto all of the 
torus (which we identify with the interval [—1,1]^). For any function Y : A^ —)■ M, we define 
the discrete Fourier transform Y through 

YIt) = / if i e {-iV,iV}3 

' ' \o if/ 1 6 zy{-/v, ....w}®. 

In this context Fourier inversion states 

r(x) = - V Y{k)?^^-^ for all x G A,. (1.6) 

8 ^1 


It is thus natural to extend Y to all of by taking (1.6) as a definition of Y (x) for x G T^\Ae. 
More explicitly, for F : A^ —)■ M we define (ExtF) : —)■ M as 

Exty(x) 

k£{-N,...,N}^ yeAs 


Let Pf = Exte*^'". By the definition of the operators we have 


etAev(^k) = 




if fc G {-A,...,Ap 
if G Z3\{-Ar,..., A}3. 


Here 


\ . 2 I . 2 ^ 271 " . 2 , 

j{x) =-, —r;T(sm —h sm —h sm ^ 


X 


Now we extend the solution to all of T^. In the following the Fourier transform and the 
inverse Fourier transform are denoted by P and It is easy to see that 


Ext<F^(t) = P/Extd): 


P/_,Qjv[(Ext$")'^-(3Po"-9Pi")Ext<F"]ds+ / P/_,ExtdWjv, (1.7) 
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where Qnu{x) = Pnu{x) + n 7 vM(x) with 


Pn — P 5 

and Hat is defined for u satisfying suppj^u C {k : |/c|oo < 3iV} 

Unu{x) = Y1 4'"'^P-%<,pnh^sPuix) 

E PN\e‘n 

with P*i*2*3 — . y^. > jv if ij = —1,1; \y\ < N, if ij = 0} is a rectangular division of 

Z^\{k e |A:|oo < N}, and |A:|oo = max(|A:^|, l^^], |A;3|). 

Now choose Cq as in (6.3) and 

_ pye I \ ^ *1*2*3 

'-^1 — *-^11 W 2 _^ '-^12 ) 

P,*2,*3G{-liO,l},Ef=l *|7^0 

with as in (6.4) and (6.5) respectively. In the following we omit the summation 

with respect to ii,i 2 ,i 3 if there’s no confusion. 

The main result of this paper is the following theorem: 

Theorem 1.1 Let z G (1/2, 2/3) and $o G C~^. Let ($, r) be the unique ( maximal in time) 
solution to (1.2) and let for e G (0,1) the function 4)^ be the unique solution to (1.5) on [0, cxo). 
If the initial data satisfy Ext<l>o — $o 0 in C~^ then there exists a sequence of random time 
tl such that limi^oo tl = r and 

sup llExtd)^ — $||_^ —)■ 0 in probability, as e —)■ 0. 

telo,TL] 


Remark 1.2 (1) Existence and uniqueness of (d’,T) has been obtained in [Hail4, CC13]. 

For the definition of C~^ and norm || • ||_^ see Section 2. 

(2) The constant Cf is divided into two parts: Ch and CI 2 which correspond to terms with 
Pat and IlAr respectively. In fact Cq i, Ch ^ — loge and ^ 1. 

The structure of the paper is organized as follows. In Section 2, we recall some basic notions 
and results for the paracontrolled distribution method. In Section 3 we prove some estimates 
for the approximating operators. In Section 4 we use the paracontrolled distribution method to 
prove uniform bounds for the lattice approximation equations. In Section 5 we give the proof 
of our main result. In Section 6 convergence of several stochastic terms is proved. 

2 Besov spaces and paraproduct 

In the following we recall the definitions and some properties of Besov spaces and paraproducts. 
For a general introduction to these theories we refer to [BCDll, GIP13]. First we introduce 
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the following notations. The space of real valued inhnitely differentiable functions of compact 
support is denoted by or V. The space of Schwartz functions is denoted by Its 

dual, the space of tempered distributions is denoted by 

Let X, 0 G "D be nonnegative radial functions on such that 

i. the support of y is contained in a ball and the support of 6 is contained in an annulus; 

ii. x(z) + X]j>o ^ ^ ^ ^ 

hi. supp(x)nsupp(6'(2“L)) = 0forj > 1 and supp(6'(2“*-))nsupp(6*(2“L)) =0for|i—j| > 1. 

We call such (x, 0) dyadic partition of unity, and for the existence of dyadic partitions of 
unity we refer to [BCDll, Proposition 2.10]. The Littlewood-Paley blocks are now dehned as 

A_im = T-\xJ^u) AjU = J^-\e{2-^-)J^u). 

For a G M, the Holder-Besov space is given by C“ = where for p,q E [1, cxo] 

we dehne 

= {“ e 5'(K‘‘) : ||«||bj, = ((2'“||A,t,||„)»)'-'» < <x.}. 

i>-i 

with the usual interpretation as l°° norm in case q = oo. We write || • ||q, instead of || • ^ in 

the following for simplicity. We also use CtE to denote C{[0,T]; E). 

We point out that everything above and everything that follows can be applied to distribu¬ 
tions on the torus (see [S85, SW71]). More precisely, let iS'(T'^) be the space of distributions 
on T'^. Therefore, Besov spaces on the torus with general indices p,q E [1, oo] are dehned as 

B^jr) = {ue 5'(T-') : ||m||b.^ = (5^ (2'“|| < «3}. 

i>-i 

We will need the following Besov embedding theorem on the torus (c.f. [GIP13, Lemma 41]): 

Lemma 2.1 Let I < pi < P 2 A oo and I < qi < q 2 A oo, and let a G M. Then 5“^ is 

continuously embedded in . 

Now we recall the following paraproduct introduced by Bony (see [BonSl]). In general, the 
product fg of two distributions / G C“, g E is well dehned if and only if « -|- /3 > 0. In terms 
of Littlewood-Paley blocks, the product fg can be formally decomposed as 

= 7r< (/, ^) + TTo (/, ^) + 7r> (/, ^), 

j>-l i>-l 

with 

7r<(/,^) = vr>(^,/) = ^ Y Mf^9)= Y ^if^j9- 

We also use the notation for j > 0 


s,f = ^if- 

i<j-l 

Moreover dehne 

V><(A:i,fc2)= ei2-%)ei2-^k2) 

j>-l i<j-l 
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and 


V;o(fci,fc 2 )= 0 ( 2 -*fci) 0 ( 2 -^fc 2 ). 
l*-il<i 

We will use without comment that || • ||q, < || • ||^ for a < {3, that || • \\l^ < || • ||q, for a > 0, and 
that II • IIq, < II • llioo for a < 0. We will also use that US'^mUloo < 2“'^“||m||q, for a < 0, j > 0 and 
u E C^, where || • ||a denotes the norm in C“, a G M. 

The basic result about these bilinear operations is given by the following estimates: 
Lemma 2.2 (Paraproduct estimates, [Bon 81, GIP13, Lemma 2]) For any G M we have 

lk<(/.9)ll(i<ll/IU»ll9llfl 

and for a < 0 furthermore 

lk<(/,^)|U+/3 < |l/||a||^||/J / G G C^. 

For a + /I > 0 we have 

lko(/,^)|| a+0 ^ Il/||a ||g||^ f€C‘,g€Cl‘. 

The following basic commutator lemma is important for our use: 

Lemma 2.3 ([GIP13, Lemma 5]) Assume that a G (0,1) and /3 ,7 G M are such that aT/S+y > 

0 and /9 + 7 < 0. Then for smooth f,g,h, the trilinear operator 

C{f,g,h) = 7 ro( 7 r<(/,^),h) - f7io{g,h) 

allows for the bound 

||G(/,^?,h)||„+;3+,<||/||„||^7||^||h||,. 

Thus, C can be uniquely extended to a bounded trilinear operator from C" x X a to C“+/3 +t'. 

Now we recall the following estimate for heat semigroup Pt := 

Lemma 2.4 ([GIP13, Lemma 47]) Let u E for some a G M. Then for every h > 0 

\\Ptu\\a+5 < ^■^'^^||m|1«- 

Lemma 2.5 ([CC13, Lemma A.lj) Let u E for some a < 1 and v E for some /I G M. 

Then ioi 5 > a + (3 

||Ft7r<(M,n) - 'K<{u,PtV)\\s < t^^^^\\u\\a\\v\\0. 

Lemma 2.6 ([CC13, Lemma 2.5]) Let u E C"+^ for some a G M, <5 > 0. Then for every f > 0 

\\{Pt-I)u\U<tP^\\u\U5. 

We also have the following result. 
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Lemma 2.7 (Bernstein type lemma) Let u E 0°" for some a G M. 

1) If suppJ^u C {k : \k\ < CN} for some C > 0 then for (3 > a 

2) If suppTu C {k : \k\ > CN} for some C > 0 then for (3 < a 

\Wh ^ 

Here all the constants we omit are independent of N. 

Proof We have 

\\u\\i3 = sup 2-^^|| AjM||x,oo = sup 2-^*'^“"^ 2-^“ II Ajti 1 1 ^ 00 . 
j 3 

For the hrst case we have NjU 7 ^ 0 iff 2-^ < A, which implies the hrst result. If supp3Fu C {fc : 
\k\ > CN} we have AjW 7 ^ 0 iff 2^ > N which implies the second result. □ 


3 Estimates for the approximated operators 

Now we prove the following estimates for the approximated operators on T^. First we consider 
estimate for Pat and Hat: 


Lemma 3.1 Let u G C" for some a G M. Then for any k > 0 small enough we have the 
following estimate: 

(1) (Estimate for Pat) 

||^JVM||a-K < ||m|U, ||(L - PN)u\\a-K < A“^/2||m||„. 

(2) (Estimate for Hat) If a > 0 then for u satisfying supp3Fu C {k : \k\oo < 3A} 

mNu\u.^<N-^/^\\u\\^. 

If a < 0 and suppNu C {k : |/c|oo < N} then 

|U*l*2*3,,|l < /V“A2|L,|| 

IPTv ^\\a—n Iloilo:* 


Here all the constants we omit are independent of N. 
Proof We have for p large enough 


II^jvmIU-^ < \\Pnu\\b^^^ < ll“lls?.co ~ ll“IU> 

where in the hrst inequality we used Lemma 2.1 and in the second inequality we used that 
l|fc|oo<w is an multiplier. Similarly 

11(1 - Pn)u\U., < N-^P\\{I - PAr)n||„-K/2 < N-^P\\u\\^, 

where in the hrst inequality we used Lemma 2.7 and in the second inequality we used the result 
for Pat. Moreover for a > 5 k/A 

lin^wlU-. < A“-5"/"||n^n|U/4 < A“-"||p-H,gpH»2»3^w|U/4 


Here in the first and third inequalities we used Lemma 2.7, in the second inequality we used that 
^ and in the last inequality we used similar argument for Pn since 
is an U' multiplier. Similarly for a < 0 


P*l*2*3„ 
■'N ' 


< 






Here in the first inequality we used suppp{e^^^^'^^u) C {k : \k\ > N} and Lemma 2.7. Thus the 
result follows. □ 


Now want to prove estimates for In fact, 


PI = = P„P‘, 


with 


PI := 


where (p is a smooth function and equals 1 on {|x|oo < 1} with support in {|x| < 1.8}. Then 
by a similar argument as [GIP13, Lemma 47] we have the following result: 


Lemma 3.2 Let n G C" for some a G M. Then for every 5 > 0, k > 0, f > 0, 

||F/M||a+5-K < t~^^‘^\\u\\a, 

||(F/- 

Here the constants we omit are independent of N. 

Proof For the first result by Lemma 3.1 it suffices to prove 


In the following we consider (3.1) and have for j > 0 

\\^jPfu\\Loo = ||F-^0^(/>"Fn||ioo = ||F-i0jF(2-h)(/,"FM||poo 

<||F-i(W-^-))IUi||Aiw|U- 

Here 

and 6^ be a smooth function supported in an annulus such that 99 = 9. Then we get that for 

(5 > 0 

\\T-\<l,’0(2-i-))\U, = < ||(1 - A)=((.^'(2J.)»)|U. 

< ^ 2 f‘l||(D,^«)( 2 ^')L«.prfllL»< E /7V ~ 

0<|fc|<4 0<|fc|<4 ^ 

Here in the third inequality we used that f{e^) > c > 0 and |£:^| < 1 on the support of which 
implies that for any multiindices k satisfying |fc| < 4 and every 5 > 0 |Ffc0^(^)| < ■ 

For j = —1 we can use Bernstein’s lemma to obtain the estimate. Thus (3.1) follows. 

For the second result we have 


Pf -Pt = PN{Pf - Pt) + (/ - PN)Pt. 
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By Lemmas 2.4 and 3.1 it is sufficient to consider P^—Pt. Since — 

-I- and |v3(£0 “ 1 | ~ 1/(^0 ~ 1 | ~ obtain that for any 

multiindices k satisfying |/c| < 4 and every 5 > 0 , 0 <r 7 <l \Dk{(j)^ “ 0)(OI — |g||fc|+ifV 2 • Thus 
the second result follows by a similar argument as the calculation for (3.1). □ 

Now we prove a commutator estimate for P/. However P/v does not commute with para- 
product, we could only obtain the commutator estimate for P/. 


Lemma 3.3 Let m G C“ for some a < 1 and v E for some /5 G M. Then for 6 > a + (3 
and any k > 0 

||P/7r<(M,n) - P7v7r<(M,P/n)||5_«, < t^^^^\\u\\a\\v\\p, (3.2) 

||(P/ - Pt)7r<(M,n) - Pjv7r<(M,P/n) - 7r^{u, Ptv)\\s-^ < ||M||„||n||^. (3.3) 

Here the constants we omit are independent of N. 

Proof We have 

Pf7r<{u, v) - Pnt^<{u, Pfv) = Pjv(P/7r<(M, v) - 7r<(M, Pfv)). 


By Lemma 3.1 it suffices to prove that 

\\PfTl<{u,v) - Tl<{u,Pfv)\\s <t^^^\\u\\a\\v\\f 3 . (3.4) 

In fact, we have 

OO 

Pf7r<{u,v) - 7r^{u,Pfv) = ^ {Pf{Sj_iuAjv) - Sj^iuPfAjv). 

i=-i 


We also have that the Fourier transform of Pf{Sj_iuAjv) — Sj^iuPfAjv has its support in a 
suitable annulus 2-^b4. Let ^|J G P(M^) with support in an annulus A be such that ip = 1 on A. 
Thus by the same argument as the proof of [CC13, Lemma A.l] we obtain that 

||[('0(2“^-)0^)(P), Sj-iu]Ajv\\Loo 

< Y1 lk"-T-'(^(2-^-)0^)IUi||5"Vi«IU-l|AwlU- 

» 7 GN'^,|r;|=l 


Here {'ip{2 ^■)(j)p{D)u = P ^{p{2 ^■)(p^Pu), [{p{2 ^■)(j)p{D), Sj^iu] denotes the commutator. 
Now we have that 


\\x^p-\^P{2-^■W)\\Ll 

<2-^l|p-'(a»(2-^-)0^)IUi + \\p-\p{2-^-)dy^)\\L^ 

=2-^\p-\^^^P{■)cP%P■))\\L^ + \\p-\^P{■)^^f>pP■))\\L^ 

<2-^(1 +1 • \yp-\dMWi‘2^-))\\L^ + 11(1 +1 • \yp-\p{-)dypp-))h^ 
=2-^||p-^((l - A)^(aX-)0^(2^-)))|Uoo + ||P-^((1 - A)\f^{-)dy%P-)))\\L^ 
<2-^||(l - And^i;{-)<p%P-))\\,^ + 11(1 - A)2(V^(-)aV(2^-))|Ui 


< 2-1 


(2l)l™l 

0<|m|<4 


( 2 l)l”^l 


Y (2^') I™' 

|m|<5 


('2i)|m|+l 




10 









where in the fourth inequality we used < |^| > 0 for any multiindices 

m satisfying \m\ < 5. Hence we get that 

||[V^(2-^'O0"P), 5',-HA,r;|Uoc < 

which yields (3.4) by the same argument as in the proof of [CC13, Lemma A.l], 

Moreover we have 

(F/ - Pt)7r<{u, v) - Pnt^<{u, F/n) - 7 r<(M, Ptv) 

=Pn[{P! - Ft) 7 r<(M,n) - 7 r<(M, (Ff - Pt)v)] - {I - Fjv)(Ft 7 r<(M, v) - 7 r<(M,Ftn)). 

The estimate for the second term can be obtained by Lemmas 2.5, 2.7 and 3.1. By a similar 
argument as Lemma 3.2 we obtain that for any multiindices k satisfying \k\ <5 and every 
( 5 > 0 , 0 <r 7 <l — 0)(OI < |g| | fe|+!;\'l /2 Thus (3.3) follows by a similar argument as the 

proof of (3.4). □ 

Now we prove the following continuity result for F/. 

Lemma 3.4 Let u G for some a G M, 0 < <5 < 1. Then for every e G (0,1), k > 0, f > 
s > 0 

Here the constants are independent of N. 

Proof We have (Ff — Pf)u = Pn^Pi — Ps)'^- By Lemma 3.1 it suffices to prove that 

ii(pf-L‘Mu<(i-sy"ii«iUi. 

By |1 — < (f — s)‘^/^|.^|‘^ we obtain that for any multiindices k satisfying \k\ < 4 

and any 5 > 0 |Ffc(0f — </>^)(0l ^ Thus by a similar argument as Lemma 3.2 the 

result follows. □ 


4 Paracontrolled analysis for the approximating equa¬ 
tions 

Now let = Ext4>^ for simplicity and we have the following equation: 

M"(f) = F/Ext4>^ - [ Ff_,Q^[(M")3-(3Q-9C'[)M"]ds+ [ Pf_^PNdW. (4.1) 
Jo Jo 

Therefore it suffices to prove the convergence result for solutions to (4.1). In this section 
we give an uniform estimate for solutions to (4.1) by using paracontrolled analysis. 

In this section we £x <5, /3, k, 7 > 0 satisfying 

(5 (5 S 

2 z -1>6>2 k , /^ > 2’ /^ + 2 ^ ^ 5k + - +/3 + 37 < 2 - 3z. 
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Now we split (4.1) into the following three equations: 


= 


PI.PncIW, 


u% = 


and 


ul(t) =P,'(Ext45 - <(0)) 


pe 

^t-s 


PL.QN\{u\r^]ds 


Qn^u\ o u^ul + SuKulY + 3ul o (u^y + {u^ + 


Here 


+ PN[3{uiy’^ o {u\ + '^V) + o {u\ + ^^ 3 ) ~ 9(p^M‘ 

{uT^ := {u\y - Q, 

{u\r^^-.= {u\y-3ciuy 


ds. 


(4.2) 


u\ o ul := u^uy 
ul o (u^y := (uiyui 

{uiy^'^ou^ :=7i<{ui, {uiy’Y + 7 i>{u 2, {uiy’y + 7io,o{ui, {uiy’Y 

=M 2 (Mi)*’^ + 

o ul := 7 r<(M^, + 7 r>(n^, 

=ul{u\r’^ + 3{Cl, + ^\yul + ul), 

=eT^^ui{u\y’^ + 3(c'ff 

Pryuir^^oul :=7r<(n|, {ul^^Pry + 7r>(n^, {uir^PrY + {n\r^eT^y 
=ul{u\r\T^^ + 3(C[f + ul), 

93 ^ := 

where Cl,Cl^,ipl are dehned in Section 6. Moreover there exist (p G C'((0,T];R) such that for 
p > 0 small enough supig[o,r] ~ v\ 0 as £ ^ 0. 

Dehne 

P _ P 

?e l„,e\oPUr. T^£(+\ — / C>e 


and 

Also dehne 

and 


Kyt) := / pyyuD^’^ds, xyt) ■.= / PiyuD^^^ds, 

Jo Jo 

Km~ [‘p,-.K'"‘«ry^, am - f Pt-.K‘"’«p]‘‘^- 

Jo Jo 

TToAKy K)"’^) := MKy {uD^’Y - Ct, - p>l 
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Now we introduce the following notations: 


C^(T) := sup {\\u\\\_i/2-5/2 + II II-1-5/2 + ||m2||i/2-5 + IKo(m 2 > ll-5 

1G[0,T] 

+ lko,«(M 2 , K)^’^)I|-1/2-5 + |ko,o(i^^ K)''’^)||_5) + \\ul\\ i/i-6-n/2 


and 


E^(T) := sup + ||7ro(M^2, er*^«!)ll-^ + ||7ro,o(w^2, er*^K)"’')ll-i/2-5 

te[o,r] 

+ ||v^o(i^^er*^Kr)||_, + ||vro(i^f, K)^’^)||-5 + ||vro,<>(i^!, e™Kr’^)||_5). 

Here appears as an error term for the lattice approximations which goes to 0 in probability 
(see Section 6.2). 

Then Lemma 3.2 and (3.1) implies that for t G [0,T] 

||A-'(i)||,-i + ||A''(t)||i_, < ||Af(i)lli-j + l|A;(t)ll.-i < (4,3) 

Now we could write the paracontrolled ansatz as follows: 

Ul = -?>Pn[k<{uI + Mg, k‘^ + Kl)] + 
with M^’**(t) G This yields that 

IIW3WII1/2+5 + ulit)\\kCw + E ^ w ) + l|w"’“WII1/2+5, (4.4) 

and 

I|wK^)IIi-5 S\ulit) + ul{t)\\kCw + E^w) + ll'«"’“Wlll-5. 

Then m| solves (4.2) if and only if u^’'^ solves the following equation: 


(4.5) 


M^’** =P/(ExtMo — 'lil(O)) — 


pe 
-^t — S 


Qn[Qu\ O u^ul + 3Mg(M3)^ + 3ul O (^ 2 )^ + ('^2 + 


+ 3Piv[(7r> + 7ro,o)(M2 + “ 3 , 


ds 


Pf_,Pv[vr<(M 2 + Mg, (p 

ft 


ey,2 ^ + 3P^[7r<(M| + ul + kl)] 


:=P/(Ext<l>^-M^(0))+ / P/_jg^0^’“ + P^0^’“ + 9(/^"M"]ds + P^ 

Jo 

where P*^ represents the last two terms. 

First we prove the estimate for (Jl’K 

Proposition 4.2 For 0^’** defined above, the following estimate holds: 

IIQAf0l’**ll-l/2-5-2K ^ C{Cly, Ely){l + ||M^’**||l/2+5||M3||.y + llwgll^) + IlMgH^. 

Here the constant we omit is independent of N. 


(4.6) 
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Proof Since 


Un[uIuIuI] = PN[ulPff^^Hlul], 


we have for 5 > 2k 


\\U.N[ululu\]\\_il2-S/2-2n < \\ululu\P}f^''^\\_i/2-S/2-K 

<{N-^/‘^\\ul\\il2-5\\u\\\_i/2-5/2 + ||vro(M2,e*^*'*'Mi)||_5)||M|||i/2+5, 

where in the hrst and last inequalities we used Lemma 3.1. 

Using paraproduct one has 


UN[ul{ulf] =Pi 


'iv[wfer*h 


u 


3)1 


=PN[Tr<iiulf,Pp"^ul) + 7ro{7ro{ul,ul),Pff^"^ul) 


+ TT- 




e'i2 1112*3 


+ 2C{ul u% eT^^u\) + 2 ulTi,{ul Pr^u\)]. 


Here C{u\, m|, is dehned in Lemma 2.3. Then by using Lemmas 2.3 and 3.1 we obtain 

||njv[(M|)M]ll-l/2-5/2-2K < iV-^/1|M3||l/2+5||M||l7l|M!||-l/2-5/2- (4.7) 

Moreover by a similar argument as (4.7) we have 

||nM[(M2)^ ^ u\]\\- i/2-5/2-2k 

<7V'"/2||M|||2/2_5||Mf||_l/2-5/2 + ||Ml||l/2-5||7ro,o(Ml,Mie)^*'*')||-5. 

Furthermore Lemma 3.1 implies that 

\\Qn[{uI + ~ ll“2 + “sll?- 

The estimate for the terms containing P/v can be obtained similarly. Hence the result follows 
from (4.4) and the above estimates. □ 

Now we consider To prove an estimate for 7 ro(M|, we have to use 

paracontrolled ansatz. However, the Fourier cutoff operator P^r does not commute with the 
paraproduct. Here we follow the technique from [GP15, Lemma 8.16] and prove the following 
result. 


Lemma 4.3 Let a + (3 + ■y > 0,/3 + 7 < 0, assume that a G (0,1), and let ip G G 

, X G C'''. Dehne the operator for any / G C“ 

7lw(V', X){f) ■= 7ro((7 - PN)Tr<{f, Pn^P), x), 

and 

x){f) ■= 7ro(Pv7r<(/, (Psv - Pv)^/^), x)- 

Then for all 7 < 0 

||7ro(Pjv7r<(<^,P3vV'),x) - 9?7ro(Pv'0, x)!!*? 

~IIV^I|a||-P;V'*/^ll/3|lxll7 + (ll^]v('*/^) X)I|l(C“,C*') + X) |U(C“,C*!)) ||v^||a- 
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Here the constant we omit is independent of N. 

Proof We have that 

7ro(P/v7r<(<p, PsN-ip), x) = x){p) + 7ro(7r<(<p, P/vV’), x) - x){p)- 


Thus the result follows from Lemma 2.3. 

Proposition 4.4 For 02’** dehned in (4.6), the following estimate holds: 

I|-P/V02’**I|-1/2-2<5-k Htv, + ||M 3 ||.y + || 1 +/ 3 ). 


with 


and 


+ Kl + er*^(nD"’^)llc.L(ci-Lc-V2-2.) 

+ \\AUK^ + Kl + er*nnD"’^)llc.L(ci-Lc-V2-2.) 

:= sup (||7ro((/-PAr)7r<(n|,iF^ + iFn,(nf )"’2 + e)^*=*3(^.)<>,2)||_^ 
te[o,r] 


||7ro(P^7r<(n|, {P^n - Pn){K^ + KD), + e; 


1122*3 („,S\0,‘l 


N 


U 


1 ) 


-S 


□ 


Proof First we consider 7ro(M|, By paracontrolled ansatz we obtain 


no{ui{u\r^+pr\u\ri 

= - 37ro(Pjv(7r<(M2 + P3n{K^ + Kl), 


+ e' 


2122^3 

N 




Here in the equality we used = K‘^. Then by using Lemma 4.3 and PnK^ = K^ we 

obtain that for (3 > 5/2 


\\tto{uI{uI 


e\o ,2 


+ e' 


*1*2*3 

N 


U' 


e\o, 2 \ 


<1 


1-1/2-25 


2 + nlh/2-s{\\K^ + Kll.sWiuT^ + -1-5/2 + \MK^ + Kl 

+ /l^||n|||i-5 + Pv + \\K%+l\iul^’" + e™(nf)"’2||_i_,/2. 


The estimate for 7r>(n2 + {uD^’l can be obtained by Lemma 2.2. Thus the 

result follows by (4.3), (4.4) and (4.5). □ 

Remark 4.5 In our case to use the random operator technique, it requires that G 
However the best regularity we can obtain for is in . Thus for the error terms including 
u\ we have to calculate it directly which corresponds to D^. 

Estimate for P^ We now turn to P^: Here we divide P^ into two parts. 


I Pd 


1+/3 


<1 
rsj \ 


Pf_,'K<{ul{s) + ul{s) - {ull + ul{t)), (nD^’^(s) + (^T'^{u\y'‘^{s))ds\\i+p 


+ II / Py^TT^ium + urn, {ul^’\s) + Pf/^^lul^’\s))ds - PNTT^ium + ulit), K^ + iF^lll+Z^ 
Jo 

=h + 12- 


lb 


The estimate for I 2 can be obtained by Lemma 3.3: 


h <t 




u%{t) + ul{t)\\^{C^ + 


(4.8) 


/y_ R _^ 

where by the condition on (3 we have- 2 ^— > 0. 

For Ji we will use the regularity of with respect to time to control it. Lemmas 2.2 

and 3.2 yield that for 5(5/4 + /3/2 + k < 1/4 

h< ! {t - + Ep^^{uiy'^{s)\\_i_s/ 2 \\ul{t) + ul{t) - ul{s) - ul{s)\\^/ 2 ds 

Jo 

<(Cty + Ety)(Ct^ + [\t - - «|(s)|U/.,*), 

Jo 

and we note that by Lemmas 3.2 and 3.4 that for t > s > 0 
\\ul{t) - ul{s)\\^/2 

<||(P| - P|)(P| + P|)(Ext«F^o - «I(0))|U + II [\Pt-r - PLr)G%r)dr\U + || f Pl^G%r)dr\U 




\-\-5-\-K-\-2h 


+ {i-r) "''-'I’llG^WII-iV^) 


1 + 6 + w 


1 —1 \l—bi 


where in the last inequality for the third term we used Holder’s inequality. Here ^ + (3 + 2k < 
2bo <2 -z-2k, ^ + /3 + 2k <2b <1 -k-6, 1{^ + P + 2k) <bi < [1 - A i(l - 5 - k) 

and 

= Qn [ 3 uI o (^2)^ + 6^1 o n2'*^3 + 3n^(M3)^ + 3 (n^)^’^ oul + 0^3 + { u ^ + 

Moreover, by Propositions 4.2 and 4.3 one has the following estimate 

l|G'll-i-i < C(C‘„,E‘„,A„,D„)(1 + |k'-'||i/2+iimi|.,+ imil? + ll«'-'lti+^). (4.9) 

Thus we obtain that 

^1 SP’w + - <(0)||_. 


t rt 


+ 



, , S/2+P+2K , ,, , , l+a+K+2b 

{t — s) ^ 2 +^(^s — r) 2 ds\\G {r)\\_i_sdr 


' 0 Jr 
rt 


+ ( / ■(( _ s)-'-^'^+‘‘<is)‘‘( r [(t - s)-‘-^^^+'»(« - r)-^ 


l|G'(r)||/0,<is<ir) 


p -61 
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where for the last term we used Holder’s inequality. Then by changing variable s = r + {t — r] 
for the third term and using (4.9) we have 


a 


h <{C^w + - nK 0 )||-. + 


1 3($/2+^+3/t 




\\u 


.£>#1 


i/2+5||n3||-^ + ||m^’**||i+/3 + \\ulf^)dr 


nj^ 

+ C{C^,E^,Am,Dn)[ / (t - r)“^i^(||n^’‘*||i +;3 + ||m^’**||i/ 2 + 5 ||m 3 ||t, + \\ul\\^^)~dr] 

Jf) 


1-bi 


(4.10) 

Combining (4.8) and (4.10) we could control ||F'^||i+^ by the right hand side of (4.8) and (4.10). 
Now we also want to estimate ||T’^||i/ 2+(5 and ||F^||.y. The estimates for these two terms are much 
easier. We do not need to use Lemma 3.3. We can obtain the following estimates by Lemmas 
2.2 and 3.2 directly: 


|F"| 


l/2+(5 


<(C^ + i?^) ( (t-5)-^||n|||,ds + C(C^,Ey+ t^||n|(t) + 
and 


Ur 


10 


+ ^w)i 

(4.11) 


IF" 




l7 


_ l+^/2+/t+7 

(t-r) 2 I 


I'lt^ll.ycir + C*(C*^, F^) -\- 1 4 ||'W2(^) 4” ^ 


+ -E' 


’w) 


Uniform estimate of the solution 

Now we introduce the following random time: Define for any F > 1 

tI := inf{t > 0 : ||M"(t)||_^ > F} A F := inf{t > 0 : C^{t) + F^ + An + Dn > F}. 
Proposition 4.6 For any F, Fi > 1, we have 


(4.12) 


3(7+g + w) 


sup {t 2 

tG[0,T£Ap4 J 




e>tt| 


I1+/3 


1/2 + 3+z + w) 7+2 + /^ , 


+ t = ||m^’“||i/ 2 + 5 + i 2 ||n^’B(t)||.^) < C(F,Fi). 


Moreover before r£ A one has depends in a Lipschitz continuous way on the data Ext$g 
and terms in (C^, F^, An)- Here we consider with respect to 

sup ||M 3 (t)||_^. 

tG[0,T£Ap|J 

Proof By paracontrolled ansatz Lemma 2.2 and (4.3) one then has for t G [0,r| A pff\ 

l|wK^)ll7 + M 3 (f)||^ + 

which shows that for t small enough (depending on Fi) 

hslk + Il«^’^ll7- 


71 
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Then it follows from Propositions 4.2 4.4 and (4.8) (4.10) that for < i and t small 

enough (depending on Li) 


3(7 + z + «:) j, 

t 2 hi 


1+/3 


<C||Ext<h^ - mK0)||-z + / (t - + r-'^^^-P\\u^%)dr + C 

Jo 

3(7 + z + k) ^ ^1 3i5/2+,3 + 3k 3{7+2: + «;) ^ ^ 3(7+z + k.) l + ^+fi 3(7+z + k) 

+ Cf 2 (^f — 2 2 r 2 U^[r)dr +1 2 (i-f>i) / (t — r) 2 (i-s,i) 

Jo Jo 

(4.13) 

Here and in the following C = C'(Li) and 


3(7 + 2 + ^) . 


(7 + z + /^) 


f/"(r) = r3(T'+^+")/2^||M^’#(r)||i+^ + \\u^Hr)\\i/2+s\\u^Hr)h + 


A similar argument as (4.13) and using (4.11) (4.12) one also has that for t small enough 

3 
2 


(depending on Li) and 0 < 6 k < 4 — 2 z — 25 — 87 

|l/2+<5 


1/2+(5+2+k, ,, _ jj . > 

t —^— \\u^Ht)h 


1/2+S+z+k / 1+36+2K 3(7+z+k) (7+z+fc) j 

<||Ext$o - ■Wi(0)||-^ +1 2 c {t - s) 2 (s 2 + s 2 ^||M^’''||.^)(is 


1/2+5+z+k, 

+ C + ct —^— 


3+35+/C _ 7+z+K 7+2+/t 


{t — r) ' i' r '2 r ' 2 


(4.14) 


and 


7 + z + « II , u 

t 2 . 

7+z + K / 1 r 7 3(7 +z + k.) ( 7+2 + K.) a 

<||Ext<h^-Mf(0)||_^ + f^C' / (f-s)-4-'5-2-«(s-^—t/= + s-^- P\\u^%)ds 


7 + z + w 


+ / (t-r)- 


'0 


l + 5/2 + 7 + /t (7 + z + /‘i:) 7+2 + /t 


2 r 2 llti^’dLdr. 


(4.15) 

Since ^ .p ^ combining (4.13-4.15) we get that by Bihari’s inequality there 

exists some Tq (depending on Li) such that 

3('y~\~Z-\-K,'\ ii 1 / 2-I-<5-j -2 -1-K. ii 'Y-|-2-|-K. li 

sup {t 2 + t 5 \\u^'^\\i/ 2 +s + t^~\\u^’^{t)\\^) < C{L,Li), 

tG [0,To] 


which combining with Propositions 4.2 and 4.4 implies that 

sup ^ < C{L, Li). 

iG[0,To] 


(4.16) 


Moreover by paracontrolled ansatz we also obtain 






-*'1 dr. 
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which combining with (4.16) implies that for t small enough and t G [0,To] 

imWII- <c + ||«'-'( 


/ 1/2+25+3k ;—z 

<C'+||Ext<l>^o-«KO)||-. + ||i""(t)||-z+ / {t-s) -^- s-P\\u%_y2-&ds 

Jo 

1/2+25+3K-Z 3(7+z+k) 3(7+z+k) u a 

+ {t — s) 2 5 2 s 2 + P;V02’“||_i/2-25-ft<^5 

Jo 

Here in the last inequality we used 

\\F^{t)U 

<C [ {t — s) ^2 dg sup + t2-4-'^||u2(t) + M|(t)||_ 2 C. 

Jo se[o,t] 


Hence before Tq one has m| depends in a Lipschitz continuous way on the data Ext<ho and terms 
in (C^, E^, An). Furthermore we can extend the time to r£ A as we did in [ZZ14]. □ 


5 Proof of main result 


In [CC13] it is obtained that the solution to (1.1) can be obtained as limit of solutions to 
the following equation: 

d^e ^ ^^cdt + p^dW - {^^)^dt + (3Q - 9Cf)^^dt, 


l>^( 0 ) = <ho. 

Here Cq and Cf are defined in Section 6.1. For L > 0 define tl ■= inf{f > 0 : ||$(f)|l_^ > L} AL 
and then increases to the explosion time r. Moreover define r£ := inf{f > 0 : ||<l>^(f )||_2 > 
L} AL and := inf{f > 0 : C^{t) > L} with defined similarly as C^. A similar argument 
as above implies that 

sup ||$^(t)-$(t)||_, ^^0. (5.1) 

Here $ is the solution to (1.2). Define 


dC^w- 


= sup (lluf - u\\\_iI2-5/2 + 
4G[0,T] 


[U 


e\o ,2 /r7£'iO,2|| I 

) - («l) 11-1-5/2 + 






2 II1/2-5 


+ lko(Ml,MD - '^o{ul,ul)\\_s + IKo,o(m2> K)'"’ ) “ '^0,o{'^2^ (Mi)''’ )||-1/2-5 

+ ||7^0,o(A'^ K)^’^) - 7^0,o(^^ (hi)''’^)||_5) + \\ul 


2 ■ 


Here 'Ug,'u|,'u| and associated terms are defined similarly as and associated terms 

respectively. In Section 6 we will prove that 5C^ 0, 0, An 0 and Dn 0 as 

£ —?■ 0. Then by a similar argument as Section 4 we have 


sup ||M^(t) — <f)'^(t)||_^ —0, e 0. (5.2) 

te[0,Ti,Ar£^Ap=^Ap|gAf£^] 
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Here Hjv, Dn appear as error terms for lattice approximations. Then (5.1) and (5.2) implies 
that 

snp ||M'^(t) — <h(t)||_^ —0, e ^ 0. (5.3) 

te [0,tl At£^ Apl^ Apl^ Af£^ ] 

Moreover we have the following estimates: 

P{ sup \\u^ — d )||_2 > e) 

t&[0,TL] 

<Pi sup \\u^-<!>\\-,>e)+P{TLApl^Apl^Afl^>TlJ 

t&[0,TLATl^Apl^Apl^ATlJ 

+ P{rL A p^3 > r^J + P{tl > pIJ + P{rL > Pl^)- 
The first term goes to zero as e —)■ 0 by (5.3). Also for Li > L + e 

Pi^LApl^Apl^Afl^>TlJ <P{ sup ||n^ - <h||_^ > e), 

t&[0,TLATl^Apl^Apl^ATlJ 

which goes to zero as e —)■ 0 by (5.3). Moreover for L 4 > L + e we have 

Pin A Pl^ > fl) < P{ sup ||$^-<h||_,>e) 

t&[0,TLApl^ATlJ 

which goes to zero by (5.1). The last two terms go to zero uniformly over e G (0,1) as L 2 , T 3 
go to cxo. Thus the result follows. □ 


6 Stochastic convergence 

To simplify the arguments below, we assume that PW{Pi) = 0 and restrict ourselves to the 
flow of fj 3 u(x)dx = 0. We follow the notations from [GP15, Section 9]. We represent the 
white noise in terms of its spatial Fourier transform. More precisely, let B = Z^\{0} and let 
W(s,k) = (W(s),ek} for ek(x) = x G T^. Then 


ul{t,x)= ekix)PtP,{k)W{dp), ul{t,x)= ekix)Pp_,{k)W{dp), 


iRxE 


iRxE 


where pa = {sa, ka), S-a = Sa, k-a = —uud the measure dpa = dsadka is the product of the 
Lebesgue measure dsa on M and of the counting measure dka on E and pf (fc) = 

Ptik) = Plik)l{\k\^<N},Vtik) = e-l^l"Mp>o},Pf(/c) = Vtik)l{\k\^<N}- Moreover, 


/ PUk)PLAkyA =-(6.1) 

and 

/ p —j/cplt —f7| 1 

PUk)PL,ms =-:= V,’-Aky ( 6 . 2 ) 

In this section we will prove that 6C^ —?■ 0, —)■ 0, An —)■ 0, Dn —)■ 0 in probability as e 0. 
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Now we introduce the following notations: k[i,„n] = Yl'i=i fc*^*^*® = {k^ —ij{2N + l))j=i, 2,3 
for ij = 1 , 0 , —1 and 7 ^ 0 - following we always omit the superscript of k if there’s 

no confusion. Denote by 


SxE)" 


f{rii-n)W{dr]i,„r, 


a generic element of the n-th chaos of W. By [GP15, Section 9.2] We know that 


^[ 1 / f{Vl...n)W{d7]i,„ri)?]<{n\) j \f{y]l...n)?dVl...n, 

such that for bounding the variance of the chaos it is enough to bound the norm of the 
unsymmetrized kernels. To obtain the results we hrst recall the following lemma from [ZZ14] 
for our later use: 

Lemma 6.1 ([ZZ14, Lemma 3.10]) Let Q < l,m < d,l + m — d > Q. Then we have 

1.1 


E 


ki,k2(z7A\{0},ki+k2=k 


\ki\'’\k 2 


< 


\k\^ 


By a similar argument as the proof of [ZZ14, Lemma 3.11] we have the following results. 
Lemma 6.2 For any 0 < k < 1, i > 0, f > 0, /ci, ^2 G i? we have 


Lemma 6.3 For any 0 <k< 1, i>0, f>0we have for ki, k 2 E E with |A:[i 2 ]|cx) < Ef, \k 2 \ 0 a E 
N 

|g-|fci2kt/FVi)0(2-*A:[i2]) < |fci|^2-*L 

Now we prove the following estimate for the approximating operators: 

Lemma 6.4 For any 0 < k < 1 and t > 0,k E E, e > 0 

(lM(k) - Mk)\ < \Pnk)-Mk)\ < 

{2)\Pt{k) - Pt{k)\ < e-l‘P''‘|£4r. \Vl{k) - V!{k)\ < 

Here Cf = Cf A 1, Cf = min{/(a;) : |a:| < 1.8}. 

Proof The results follow from \f{ek) — 1| < \ekf and 

|g-|fcpt/(£fc) _ g-|fc|2t| < ^ E\f{ek) - 

□ 

We prove the following two lemmas for dealing with the error terms. 
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Lemma 6.5 For every g > 0, 0 < r < 3, 


e{2-'^kY-^dk<2^^-^^‘i, f 0(2-4)2^cifc < 


\k\ 


\k\^ 


Proof We consider the first one, the second can be obtained by a similar argument. We have 
/ 9{2-^kfj^dk< [ l^,^^,,9{2-^kf^dk+ [ < 2 ( 3 -^)'? 


\k\ 


|fc|> 


Here in the last inequality we used that the cardinality of the k with 9{2 '?/c) 7 ^ 0 is of order 


23'?. 


Lemma 6.6 For every g > 0, 0 < r < 3, 


□ 


9{2-‘ikf^dk < £« 2 ( 3 -’'+^)'?. 


Here k > 0 is small enough. 

Proof We have 

I e{2-<ky-‘-Pdk < j 1^1 + £" y l|,|j„()(2-U)^^di < £-2(3-’-+«I». 

where in the last inequality we used that \k\ < N ^ \k\ ^ 2'? and Lemma 6.5. □ 

6.1 Convergence for renormalisation terms 

In this subsection we prove SC^ —)■ 0 in probability as e —)■ 0. 

Convergence for ul — u\ 

In this part we consider the convergence of u\ — u\. 

E|A,|!if(«) - Sf(«)||^ 

< [ e( 2 -'>ky\et(PUk) - PLMf‘i’1 < j0{2-iky(e\k\r\k\-^dk < e-2'>("+'l. 

2 rxE j 

Here k > 0 is small enough and in the second inequality we used Lemma 6.4. Similarly by 
using 

|1 _ g-|42-n|/(efc)|fcp| < 1 ^^ _ 

we get desired estimates for E\^q[{u\{t 2 ) — Ff(^ 2 )) — (wi(ti) — 'Ui(ti))]|, which combining with 
Gaussian hypercontractivity implies that for p > 1, e > 0 small enough 

Eiwiulih) - ulih)) - K(ti) - hKti))r^_2/2-_] 

p^p,p 

Then by Lemma 2.1 we obtain that for <5 > 0,p > 1, nf — —?■ 0 in L?’(r2; as 

£ —)■ 0 . 
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Convergence for u\ou\ — u\o u\ 

In this part we consider the convergence of u\ ou\. Recall that u\o u\ = u\u\ — Cq and 
ulou\ = u\ul — Cq. 

Take 


jEm^fiek) 


dk, Cq = 2 


-3 f l{|fc|oo<jv} 

' 2 | fc |2 


dk. 


(6^3) 


Then we have 


E\Aq[ul Oul{t) — u\ Oul{t)](‘‘ 


< 

rs_/ 




J(Rx_B )2 


i^ir 

' + \h 

1 ^ 

> 

\k^ 


1 


dki2 < £^ 2 (^+ 2 )". 


Here k > 0 is small enongh and in the second ineqnality we used Lemma 6.4 and in the last 
inequality we used Lemma 6.1. Then by Gaussian hypercontractivity and Lemma 2.1 we obtain 
that for 5 > 0 , p > 1 , uf o — -uf o —)■ 0 in Lp(G; CtC~^~^) as £ ^ 0 . 


Convergence for 

In this part we consider the convergence of u^. Recall that 


Here 


1^ = 2 


-3 


SxE)3 


ul{t) - ul{t) = If - If + Jf. 


e. 3 , / P/_,(/cp23])P.%,(/Cl)P.^_.,(fc2)P.%(/C3)cialR(dpi23), 


and If is dehned similarly as If with Pf_^(A;[i 23 ]) replaced by Pf-cr(fc[i 23 ]) and with other P^ 
replaced by P^ and Jf is dehned similarly as If with 6 ^ 1323 ], ^[ 123 ] replaced by , ^[ 123 ] • By 
Lemma 6.4 and a straightforward calculation we obtain that 


E\Ag{lf-lf 


< 


< 


e{2-<^k[,23]y 


RxE )2 

0(2-^%23]) 


P/_,(/c[i23])ntiP.^.,(fc*) -Pt-.(A;[i23])ntiP.%(fc*) ]da 


dr]i23 


ELi 1^*1 

y + ^[123] 

\^e 

K. 

1^1 

y\k2\ 

mi 

my 

2. 

+ ^2 

+ 

CO 

P]I%23]P 


dk 


123 


^ / 0 (2-'^k)-^dk<s^2‘i^-^+^\ 

where we used Young’s inequality and Lemma 6.1 in the second inequality. Similar calculations 
also imply that 


E\A,jf\^ < / e{2-%23]) 


^{\ki23\>N,2<i<N} 


\kl\‘^\k2\‘^\k3\‘^[\ki\‘^ + |fc2P + |/C3p]|%23]|^ 


-dk 


123 


< 


, |^|2-2 k|^|2 
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where we used Lemma 6.5 in the last inequality. By a similar argument as above we also obtain 
that for 6 > 0,p > 1, Un — ho —)■ 0 in Similarly we obtain u% — u% ^ 0 in 

LP{yt- TIC^/'^)). 

Convergence for 7ro,o(/C, — 7ro,o(.S'^, {ulY''^) 

In this part we focus on 7ro(/C, and prove that in 

CtC~^ for every <5 > 0. Now we have the following identity: for t G [0,T], 


71o{K^ 


{ul 


> 0,2 




/■+4/?+2/i>-[/,‘+4/i‘ + 2/7]. 


Here 




It =2-5 



efc,23]^o(%2],/c3 - ki) / daPt_^{kyi2\)Pa-s2i^^)P!-sii^?t)Vt-a{ki)dkiW{d7]2?t), 


It =2 


-6 


'£2 Jo 


d<jV,tAh)v,U{h)P!_^(kii,-,)dh^, 


and for i = 1, 2, 3, II is defined similarly with Pt_^{k[i 2 ]) replaced by pf_o-(fc[i 2 ]) and other P^, 
replaced by P^, respectively. In fact, choose 


Cfi = 2-'' 



d,7V,U(h)Vf_,(k)Pf_,(kit2,)dh2 


(6.4) 


and Cfi is defined with each P^, replaced by p, respectively. Choose (Pi(t) = 2It — Ch 

and ^l{t) = 2It - Cfi and = -2-^ j Then we can easily 

obtain that 

sup P\(pl - pi\ < e^, sup - pi\ < e^, 

tG[0,r] tG[0,T] 

for every p > 0, 0 < k < 2 p. 

Term in the second chaos: Now we consider It and by Lemma 6.4 and (6.1), (6.2) we have 
the following calculations: 

E\A,{lt-ltW 

'0o(/S[12], - ki)i>oik[24], h - /^4)6'(2-‘'fc[23])^ 


< 

rs^ 


\^k[i2] 

r^^k^[24] 

k/2 

+ \eki\'^/'^\ek4\ 

+ £^2 


l^il 

to 

to 

to 

CO 

2|fc4| 

P( fci P + fc[12] P)( ^4p + ^[24] P) 


dk 


1234 


r n—2q-\-2K 

<8^ / e{2-%23]fT^^:^-^dh 


|fc2P-'"|fc3P 
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with K > 0 small enough. Here we used |/c[i 2 ]| ^ 2'^ on the support of '0o(^[i2], ^3 — ki)6{2 '^/c[ 23 ]) 
for i = 1,4 in the second inequality and Lemma 6.1 in the last inequality. 
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Terms in the fourth chaos: Now for 1} by (6.1), (6.2) and Lemma 6.4 we have the following 
calculations: 


E[\A,{II - 




< 


< 

rsj 


+ Y, |fc.r)*1234 


9(2 '^fc[i234])^'0o(^[12], ^[34]) 


l%4]||fc[12] 


5—«; 


+ 


i=l 


\k[34]\^ ''|%2]| 


dk 


[12] [34] 


\k\ 


where we used Lemma 6.1 in the second inequality and |/c[i 2 ]| ^ 2'^ on the support of 6*(2 ^/c[i 234 ]) 
'ijjo{k[i 2 ], k[ 34 ]) in the third inequality. Now we have that for k > 0 small enough 


By a similar calculation as above and Gaussian hypercontractivity and Lemma 2.1 we obtain 
that for 5 > 0 , p > 1 

7 ^o,o(iL^ (nf)"') - v^o,<>(i^^ (hf)"') ^ 0 in L^>(G; GtC”^). 


Convergence for 7ro(n|,Mi) — 7ro(h|,hf) 

In this part we focus on 7 ro(n|,ni) and prove that 7 io{u2,ul) — 7 ro(h|,-uf) ^ 0 in CtC~^ 
Now we have the following identity: for t G [0,T], 

7ro(h^, ul){t) - 7ro(M|, M^)(t) = + 31^ - [// + 31^] + + 3 


Here 


I] =2-^ 


efcn234]^o(fc[i23], ^ 4 ) / daP^_„{k^i23])PLs^{ki)P^„_,^{k2)P^„_s^{k^)Pt-sAk^W{drii23A), 


It = 2 -" 



efcr23iV'o(/i;[i23], /^i) / daPt_^{k^i23])Pt-s2ik2)Pl-sSk3)Vt^_Aki)dkiW{dT]23): 


and for i = 1 , 2 , II is defined with P/_^(/c[i 23 ]) replaced by pf_^(/c[i 23 ]) and other P^, replaced 
by P^,V^ respectively and for i = 1 , 2 , Jl is dehned similar as II with each ^[ 123 ], efc|j 234 ] > c^pgj 
replaced by % 23 ], . 

Terms in the second chaos: First we consider If and we have the following calculations: 


E\A,{lf - If)\^ 

< / ^/^o(fc[123],fcl)V'o(fc[234],fc4)6’(2“''fc[23])^ 


k^[i23 

1 r^^k^[234] 

k/S 

' + \£ki\ 

e/C4 

+ \ek2\ 

P + p/C3p 

M 

^l^sl 

Pl^ll 

Pd^ll 

P + |%23]P)|fc4 


P + P;[234]P) 


<,, j 2-,(2-24)9(2-«fcp3y < £-2“-, 
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where k > 0 are small enough. Here we used (6.1, 6.2), Lemma 6.4 in the first inequality and 
I^[i 23 ]| ^ 2'^, ^[ 234 ] > 2^ in the second inequality and we used Lemma 6.1 in the last inequality. 
By a similar calculation as above, we know that 


Here k > 0 is small enough and in the first inequality we used |/c[i 23 ]| — N to deduce that 
\ki\ ^ N for some i G {1, 2, 3} and in the last inequality we used Lemmas 6.1 and 6.5. 

Terms in the fourth chaos: Now for ll we have the following calculations: 

E[\A,{ll - 

<- K /” ^(2“''fc[1234])Vo(%23], fc4)(|%23]r + ZlLl t; 

^ J |fciP|A:2|2|A:3nA:4PpiP + 1^2^ + \hmi 123 ]? 

J \k\ 

where we used (6.1), (6.2) and Lemma 6.4 in the first inequality. Lemma 6.1 in the second 
inequality and |fc[i 23 ]| ^ 2^ in the third inequality. For J^, using Lemma 6.5 and by a similar 
argument we also obtain that 

E\AgJl\^ 

Now by a similar calculation as above, Gaussian hypercontractivity and Lemma 2.1 we have 
that for (5 > 0, p > 1 

7ro,o(M2,MD “ 7ro,o(h|,-Ui) -)■ 0 in L^(G;GtC“^). 


Convergence for 7ro,o(M2) ('*^ 1 )*^) “^o,o(h 2 , (hf)*^) In this part we focus on 7ro,o(M2) ('*^ 1 )^^) 
prove that 7ro,o(M2) ('*^ 1 )*^) “ '^o,oiul, (hf)*^) —)■ 0 in . Now we have the following 

identity: for t G [0,T], 


^o,o(hl, (hf)^2) - 7ro,.(«l, («D"^) = 1] + 6/*^ + 6/3 - [II + 6/2 + 6/3] + J] + 6 + 6 J3. 


Here 

=‘^ ^ j ek^i2345]'^o{k[i23],k[A5]) J daP/_^(/i:[i23])n3^iPJ_3.(/i:i)nf^4P/_^.(fcj)hF(dpi2345), 

y =2-« j et„V.„(fc[,23|, h - h) j <i<TF,'_,(fc[.23|)nL2F„'_„(4.)Pt„(fc4)r,l,(4,)(V(4,334). 
/? =2-« J et,V>o(*:[i23|, *:[i2l) J‘ <iff/>'-.,(*:3)V;l,(fci)V;i,(fe)F,'_,(*:[i23|)W'(*)3). 

and for i = 1,2,3, II is dehned similarly with Pl_„{k[i 23 ]) replaced by Pt-a{k[i 23 ]) and other 
pe, ye j-gpiaced by P^, respectively and for i = 1, 2, 3, Jl is defined similar as II with each 
^[123]) CA;[i 2345] ’ ®fc[234]’®fc3 replsccd by ^ll23]i ^ 1 ^ 1234 ,]^ 

We consider the following term first: 

l! -If- |/? - /?| + if - if - CifyaKt) - C‘{t)ul(t), 
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where If, If are defined similarly as If, If with P^_g^{k 3 ), P^_g^{kz) replaced by Pf_g,^{k^), Pf_s^{k^), 
respectively and C{tY = |[Cf^ + '~p\{t)],C{tY = \[Cl^ + 

Since / \Pf_,Yh) - P^_sYh)?dsz < and 


PUih) - PLsSh) - [Pt-sSh) - P^..Jh)]\^ds, 


< 


{t — a 


Ihl 


2-k ’ 


by a straightforward calculation we obtain that for k > 0 small enough 

E[\^Yit-n-[n-W] 


< 


0 { 2 -‘^hf 


_\h? 

2 



{t — aY^'^dki 2 da ] + 

<^K2g(l+3K)^ 


^"/'(i%23]r/' + ifc2r/' + ifcir/') 

r e-(|fc[l 23 ]P + l*:iP + l*:2p)p-o-) 


e-(b[123lP + |fclP + |fc2p)5^(t-^) 


\h\Yk 2 [^ 


\h\ 


2-2k 



\h\Yk 2 \^^ 


(t — aY^^dki 2 da 


dk-i 


Here in the last inequality we used that sup„>Q ale “ < C for r > 0 and Lemma 6 . 1 . Moreover, 
by Lemmas 6.2 and 6.3 we obtain that 

E[W{P, -If- u\{t)CYt) + u\{t)CYt))?] 


< 

n>j 


M 


; 0 { 2 -^kY 



(£-P\k 2 YP + 


IhuiriksY 

-|fclP(t-(T)c/-|fc 2 p(i-cr)cj- 




-dki 2 da I dfcs 





'* g-|fe2p(4-o')-|felP(4-o-) 

0 WW 


\k:,YH 2 ]\-^dk^ 2 dafdk;, 


<e^ I e{ 2 -'^kYjn^Jk,<e^ 2 ^^^^^^\ 


Iksl 


For Jf we have 




l|fci|<Ar,|fc2|<Af 


\k,Y\k2Y{\kiY + \k2Y + \kii2]Y) 


dfciol dfcs < 


Here we used 2 ”? ^ iV in the last inequality. 

Terms in the third chaos: Now we focus on the bounds for If. We obtain the following 
inequalities: 

E\AYlf-lf)Y 


< 


y 0(2 '^fc[234])t/’o(^[123]) ^4 ~ ki)Yo{k[ 235 ], k^ — ^ 5 ) 

1 \kll23]Y^‘^\k[235]Y^‘^£'^ + YA=2i^\ki\T ,, 

*='\kY i\kiY + |fc[i23]P + \k2Y){\k,Y + \ki23,]Y) 

< /‘2~g(l-^) ^ '^^[234]) < K2qil+iK) 

-J \k2Y-^Yk3\W 
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where we used Lemma 6.1 in the last inequality. For by a similar calculation as above and 
using the fact that |A;[ 235 ]| ^ iV > |fc[ 235 ]|, we know that 




2-,(1-.)^(2-,^j234])' 




dfe ,34 < £" 2 ( 1 + 2 .),_ 


Here k > 0 is small enough and in the last inequality we used Lemmas 6.1 and 6 . 6 . 

Term in the fifth chaos: Now we focus on the bounds for //. We obtain the following 
inequalities: 




rlM 2 


< 

r\j 


6{2 ^/C[12345])^'0o(^[123]5 ^[45])^n^= 


1 

(Ell W 

" + £A:[i23] 

|.) 

\ki\ 

P ^[123] 

mil 

P + l^2| 

p+ |/C[ 

123] 

P) 


dk 


12345 


For Jl by similar calculations for 1 } and using the fact that |fc[i23]| — Ef I ^[123] I we also obtain 
that 

By a similar calculation as above we also obtain that there exist k, e, 7 > 0 small enough such 
that 




(uirm - TioA^i, {uirm+AirmA] 


which by Gaussian hypercontractivity and Lemma 2.1 implies that for every 5 > 0,p > 1, 
vro,o(M|, - 7 ro,o(h|, (ulT^) 0 in Lp(G; GtC" 1 / 2 - 5 / 2 ) _ 


6.2 Convergence of the error terms 

In this subsection we prove E^ — 0 as £ 0. 

Convergence for 71q{K^, {ulTA 

Now we have the following identity: for f G [0,T], 

7^o(iF^ e™K)^> 2 ) = Jl + 4/2 + 2 lf, 

II =2-» j ei,„„y„(«:|i2i7|34l) [ 

If = 2 -» 11 ei,,,7o(*:[i2l, h - h) f 

If =2-« j -fc|i2l) [ daPf_,(kiui)V,i,(ki)Vf_Jk2}dh,. 

Term in the 0-th chaos: We have 




3|2i 


< 


All2]\-N^2i'4>oikll2], k[i 2 ]) 

IhuA 


d% 2 ]) <£" 2 ^(^"). 





Term in the second chaos: Now we consider If and we have the following calculations: 


E\Aglf\‘^ < j 'lpQ{k[i 2 ]M - fci)V^o(fc[24], h - h)e{2 %23]f 

_ 

\k2\^w\hm,\^ + + \k[2,]\^) 

< J 2(-^+«).0(2-Up3i)^ \kJ\h/ '‘^^ ~ 

where k > 0 is small enough. Here we used |A:[i 2 ]| > 2^ in the second inequality and used 
Lemmas 6.1, 6.6 in the third inequality. 

Term in the fourth chaos: Now for If we have the following calculations: 

[ ^(2 ^^[1234])^V’o(^[12], ^[34])tT -TiT- rgr^C?^[12][34] 

J \k[3i]\\k[i2]r 

where we used Lemmas 6.1, 6.6 in the last inequality. By a similar calculation as above, 
Gaussian hypercontractivity and Lemma 2.1 we obtain that for <5 > 0 small enough, p > 1 

^ Q in LP{Q-CtC-^). 


Convergence of 7ro(iLf, Now we have the following identity: for t G [0,T], 

II =2-« I fc|34l) [ 

II =2-« j j ei^^-Mh^h h - h) j 4ffP,'_..(fc|i2l)P,'_„(b)P/_.,(;;3)V;'_,(«:,)*,H^(drte) 

If =2-» I er“4(*[i2|. -*:|i2l) [ daPt_,(\,i^)V‘_Aki)VU(k2)dh.,. 

If,lf can be estimated similarly as that for 7ro(/C, and we only consider Terms 

in the fourth chaos: Now for If we have the following calculations: 


E\Aglf 


1|2 


< 


< 

rsj 


'0o(^[12]) ^[34])^(2 '^^[1234])" 


2-^W{2-%23A]f 


|A:2P|A:3nfci|2(|A:i|2 + |A:2P)|A:4n%2]|' 


-dk 


1234 


\k[12f-^\k[34] 


■dk 


[12] [34] 


Kc\q2K 


where we used Lemmas 6.1, 6.6 in the last inequality. By a similar calculation as above, 
Gaussian hypercontractivity and Lemma 2.1 we obtain that for <5 > 0, p > 1 


TioAKl K)^’') ^ 0 in L^i^l-CrC-^). 

Convergence of 7ro,o(il'i, 
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We have 


7ro(i^f, e™K)0'2) = II + 4/2 + 2ll 

Here II, i = 1,2 is defined similarly as that for 7 ro(//'^, with /c[i 2 ], 6 ^ 1 ^ 234 ] ®fc[ 23 ] 

replaced by ku 2 ], 6 = and ep , respectively and 

'■ ^ ^[1234] ^[23] 


/3=2 


-3 


t-N c 






/122/3 




for ij, i'- e {—1, 0,1} for j = 1, 2, 3 with ^ 7 ^ 0, '^Ai'jY A 0- Choose 


^e ,111213 
*-^12 


)-5 


d(TP!-A 




-hi2] )r,i,(A^i)v;i,(fe)*,j, 


... ^ —-- 

and = — 2 “^ J_^ daPf_^(—k[i 2 ] )V^l^(/ci)V^l^(/c 2 )d/ci 2 , we could easily obtain that 


sup 

t€[0,T] 

for every p > k/2 > 0. For the terms in 2/| — we know that A 1 

and we could easily obtain 




Term in the second chaos: Now we consider and we have the following calculations: 


P\^qdt\^ A, j 'Ao{kli2]-,k^ — ki)'lpo{k[2/i].,k‘i — kA)d{‘2^ '^^[23])^l|fc[l2]|>W,|A:[24]|>V 

-^-dfci 234 

\k2?\h?\ki?{\k^A + \k,2?)\kAAW + |A:[24]P) 

2(-2+2«),9(2-Up3y^_4fe3 < 


where k > 0 is small enough. Here we used |/ci| ^ N for some i G {1,2,4} in the second 
inequality and Lemmas 6.1, 6.6 in the third inequality. 

Term in the fourth chaos; Now for /} we have the following calculations: 


£||A,/,‘r^] <£- / »(2-»fc[i234l)''V-0(fc[121.fcp4l) 


l%4]||%2]| 


5—/€ 


-dk 


[12] [34] 


<£'2-^«y 9(2-Wl) { ,3_. °!fe[.4||341<e-2»». 

where we used Lemmas 6.1, 6.5 in the last inequality. By a similar calculation as above, 
Gaussian hypercontractivity and Lemma 2.1 we obtain that for 5 > 0 small enough, p > 1 


7 ro,o(/L},er*^K)"' 2 ) ^ 0 in LP(G;GtC-^). 
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Convergence of By a similar calculation as that for we know that 

E|A,|Kr-V™lP< I ^ J dk,dk2 < e-=2(-+^)'-. 

Here k > 0 is small enough and in the last inequality we used Lemmas 6.1, 6 . 6 . Then by Gaus¬ 
sian hypercontractivity and Lemma 2.1 we obtain that for every 5 > 0,p > 1, —?■ 0 

in LPin^CrC-^-^). 

Convergence of 7 ro{u2, Now we have the following identity: for t G [0,T], 

w„(ui, e"“‘»ul)(i) = -[/; + 31? + Jl + 3J?\. 


Here 


J,'=2-i j I daP,^_Ak^,23])PLs,ih)PLs,ih)PLs,i^^^^^ 


It = 2 -" 



% 3 ,V'o(/i;[i 23 ], fci) / daPt_^{k[i 23 \)Pl-sA^ 2 )Pl-s^{h)Vt^_^{ki)dkiW{dT] 23 ): 


and for i = 1 , 2 , Jl is defined similarly as with each fc[i 23 ], ^^^^ 234 ] ’ ^feps] replaced by k[i 23 ] , 6 =^ ^ , e 

Term in the second chaos: First we consider If and by a similar calculations as that for 
TTo{ul,ul): 

E\A,lf\^ <e^ j 2-^(2-2K)^(2-‘'fc[23])'^^^^ciA:23 < 8^2^^ 

where k > 0 are small enough and we used |fc[i 23 ]| — |fci| — iV in the first inequality, we used 
Lemmas 6.1, 6.5 in the last inequality. By a similar calculation as above, we know that 


B|A,yp < T'-y 


*23 ?. £'‘ 2 *'". 


Here k > 0 is small enough and we used |fc[i 23 ]| — |^i| — iV in the first inequality, we used 
Lemmas 6.1, 6.5 in the last inequality. 

Terms in the fourth chaos: Now for If, Jf we have similar estimates: 

B[|A,/,y + |A,yp]<£“2-». 


Here for If we used |fc[i 23 ]| —k^^-^N and for Jf we used |fc[i 23 ]| — N ^ ^[ 123 ]- Now by a similar 
calculation as above , Gaussian hypercontractivity and Lemma 2.1 we have that for 5 > 0, 

p > 1 

7 ro(M 2 , 4 *'*'w!) ^ 0 in LP{n-,CTC-^). 

Convergence of 7 ro,o(M2, Now we have the following identity: for t G [0,T], 


^0,oK, = -[If + 6lf + 6lf + Jl + QJf + QJf] 





Ji =2-6 


%2345]^o(^[123]) ^[45]) / 


It = 2 - 



%34]^o(fc[i23],fc4 - h) I daPt_^{k[i23])I^t=2Pt-sS^i)I^t-sA^i)Vt-Aki)dkiW{dri23A), 


It =2 


-6 



%2]) / C?C^^a-S3(^3)^/-^(/Cl)V^i<,(^2)i^i'l<,(fc[123])c?/Cl2W^(c?r73), 


and for i = 1,2,3, Jl is defined similarly as II with each ^[ 123 ], replaced by 

^fl23l5 564 564 ' 

^[12345] ^[234] ^3 

Terms in the first chaos We consider Jf and If can be estimated similarly: Jf = 

with Jf^, Jf'^ associated with the terms that k^ ^ k^ and k^ = k^, respectively. For we have 


E[\\jr\^] 


< 

rsj 


'-\k 3 \<N 


\h 


e{ 2 -Ek, 


Hfci|<Af,|fc2|<Af 


ditiol dk. < 


\k3\^\k2\^{\ki\^ + \k 2 \^ + \hu3]n 
Here we used |fc 3 | ^ 2*? iV in the last inequality. For we have 

jf-jf+ Jf-CKfKW, 

with dehned as Jp with Pt-g^ik'i) replaced by Pt^g^iks) and with C|(f) = \{Cl 2 + 

Since / \Pt-s 3 {k 3 ) ~ .^^- 83 (^ 3 )pds 3 < , by a straightforward calculation we obtain 

that for K > 0 small enough 

E[\A,{jr - jDf] 


< 

r\j 


d{ 2 -^k^ 


1^3^ 
2 


i l‘ g —(F[1231 h + Flh + F2h)c/(t—cr) 



(f - aYdki 2 da dks < 


Here in the last inequality we used that |fci 23 | — N implies that |/cj| N for some i G {1, 2, 3} 
and sup^>Q ale~°‘ < C for r > 0 and Lemma 6.1. Moreover, by Lemmas 6.2 and 6.3 we obtain 
that 

1 „ /// ~ 6 

\k[i2]f\k‘it" - 1 , ,., 1 , 1 ^ - dki2da\ dk^ 


< 


Ih 


;e{ 2 -^k. 


< 

rsj 


9{2-'^ks) 


\k3 


\2-2k 


dk^ 


-J\k[i2]\<N \k[12]hkli2]\ 


\ki\^\k 2 


-dk[i 2 ] + 


'|fc[l2]|>iV \k[i2]\^+'^/‘^ 


dk[u] 


< ^K2ij(1+3k) 


where in the last inequality we used that if |A:[i 2 ]| < N, I ^[ 12 ] I — N- 

Terms in the third and hfth chaos can be estimated similarly as that for 7 ro,o(M|, (mi)*^) and 
we also obtain that there exist k, e, 7 > 0 small enough such that 

<£'>|fi-t 2 r 2 '?(i+^). 
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which by Gaussian hypercontractivity and Lemma 2.1 implies that for every 5 > 0,p > 1, 
^ 0 in Lp(G; . 


6.3 Convergence of the random operator 

The purpose of this subsection is to prove that defined in Proposition 4.3 converges to zero 
in probability. Here we follow essentially the same arguments as [GP15, Section 10.2]. 

Theorem 6.7 For every T>0, 0<r7<(5, r>lwe have 


By a similar argument as [GP15, Section 10.2] we have the following lemmas. 
Lemma 6.8 We have 

AUK’ + Kt, + 4 ”'‘(«tr")(f) + AUK’ + kt, + e'U‘’KfW) 


p,<i 


113 


with 


Kg 4 (t,x, ■)(k) = r" (^. kh.h)J^(k‘ + k’Mt,h)K{(u’r-^ + h). 

ki,k 2 

Here 

k, ku k 2 ) + k 2 - k)eAk)Mk, h)Mki - k, k 2 ) 

(l|fci-fc|oo>Afl|fci|oo<Af + l|fci-fc|oo<AflAf<|fci|oo<3Af), 

with Op be a smooth function supported in an annulus such that OpOp = Op. 

Lemma 6.9 For all r > 1 we have 

+ K[, + eTUuirU + AUk’ + kl, 

- (AUK’ + K'i, + Al,(k’ + kl, + 4""(«D°’t)(s)|l'p,_ 

E 2’'l-'/^-“+">2-'”'“-‘>(sup E E\\(Tg4(t,x, ■) - Tg4(s,x, -mk)?])""- 

xGT3 , 


■ S ^-l/2-25+«.^J 


< 

rs_/ 


p,<} 


Lemma 6.10 For all p,q > —1, all 0 < ti < t 2 , and all X,k E (0,1] we have 

E E[\(Kg4(t2,x, ■) - Tg4(t2,x, .))(A^)p] < l2p,2«„(2=>>’22» + - *2 


Proof We only prove the estimate for E[\EgA(t, x, •)(^)P]) fhe result can be obtained 
by essentially the same arguments. First we consider EK^{t,li)E{u\y’‘^{t,l 2 )- We have the 
following chaos decomposition: 

Tk’(t, h)F(n\Y-\t, h) = i; + /? + y. 
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Here 


=2"^/ lfc[i2,=h,fc[34]=/2 ^ ^^f^Pf-,T(%2])<^(e/C[12])i^a-.l(/Cl)i^a-S2(^2)^t%(/S3)^i-S4(^4)W^(c^??1234), 

It =‘^~^ j \i2]=hM-ki=l2 d^Pt-a{hl2]M^h‘i])Pa-S2iI^2)Pt-s3{h)Vf_^{ki)dkiW 
Term in the chaos of order 0 By a similar calculation as in Section 6.1 we have 

k ki,k2 

k ki 

<E»,(*:)^»,(-*:)1E(1|‘.-‘I oo>wl|fci|oo<Af + ^\ki-k\oo<N^N<\ki\oo<3N)'4’<{k, ki)'ljjo{ki — /c, 
k ki 

In the hrst case without loss of generality we assume that \k\ — P\ > N for some i. Then 
there are at most |fc*| values of k\ with \k\\ < N and \kl — P\ > N. In the second case 
without loss of generality we assume that \k\\ > N for some i. Then there are at most |/c*| 
values of k\ with \k\\ > N and \k\ — P\ < N. Moreover observe that |fci| ~ TV on the 
support of (l|fci-fcU>ivl|fciU<v + l|fci-fc|oc<vl|fci|oc>iv)^o(fc - ^i) and that \k\ < N whenever 

l|fci|^< 3 V' 0 <(^) ki) 7 ^ 0, which implies that the above term is bounded by 


Y,Uk)%{-kf\k?l\k\<NN-^ < l2y2.<iv23^22''iV-^ 

k 

Term in the second chaos By a similar calculation as in Section 6.1 we have 

E^^IET,fe*-'i.;2)/?r 

k h,l2 


< 


l2P,29<Ar^p(fc)^ j dq{k[23] - 


ip<{k,k[i 2 ]) 


(|^[ 12 ]P + |^lP)|^l 


(l|fc[ 12 ]-fc|oo>Af,|fc[ 12 ]|oo<Af + l|fc[12]-fc|cx2<Af,V<|fc[i2]|oo<3v)c^^l 


dk-i 


< Vl2P,2.<V^p(fc)" [ eq{kl23]-kf-^N-^+-dkl23] 

J I ^[23] I 

<J2hp,2.<N0p{kfN-^^^2^‘^ < l2P,2.<N2^^2^m-^^\ 
k 

Here in the second inequality we used that |/c[i 2 ] | — TV on the support of l|fc[i 2 ]-fc|oo>v,|fc[i 2 ]|oo<Afl/^<(^) ^[ 12 ]) 
and in the third inequality we used Lemma 6.5. 
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Term in the forth chaos We have 




1|2 


h,h 


< 


< 

rsj 


'^Opikf I 6>q(/c[i234] - k^i2]fi)o{k[i2] - k, ^[ 34 ])" 

k 

(l|fc[12]-fc|oo>Af,|fc[i2]|oc<Af + l|fc[i2]-fc|oo<Af,V<|fc[i2]|oo<3Af)c^fcl234 

2 ^2P,21<N 


‘-2p,2‘i<N 


\k2\^\k3\'^\ki\^\k4\'^\k[i2]\ 


J2hikf e,{k^,23,]-kf 


I ^[1234] I 


:dk[i234:]N ^ ^ 


<l2P,2.<7v5^0p(fc)'iV-2-"2(2+ 
k 

<l 2 ., 2 .<N 2 ^^ 2 ^m-^, 


K)q 


where we used Lemma 6.1 and |/c[i 2 ]| — iV in the second inequality. 
Moreover we consider 


Tki(t, ki)F(uxr\t, k.,) = j }+y+Ji>. 


Here Jl,i = 1,2, is defined similar as II, i = 1,2, with fc[i 2 ],/i^[i 234 ], ^[ 23 ], efcjjg], replaced by 
fc[i 2 ], ^[1234], ^[23], 6 ^^ 234 ’ respectively and 


Terms in the chaos of order 0 We have 

I ^2)lfci+fc2=0</i*f 

k ki,k 2 


< 

rsj 


fc fci 



2 


< 






All 


l^lll^l 


2 


Similarly as above we obtain there are at most |/c*| values of kl with \k\\ > N and \k\ — 
fc*| < iV or I/C 4 I > and \k\ — k’'\ < N. Moreover observe that \ki\ ~ N on the support of 
^\ki-k\^>N'^\ki\^<N'^<ik,h) and that \k\ < N whenever l\ki\^< 3 N'ip<{k,ki) ^ 0, which implies 
that the above term is bounded by 

J2W\CkY\k\Hlk\<NN-^ < l2P,2.<N2^^2^m-^. 

k 

For the terms in the second chaos by a similar calculation as above we obtain the estimates. 
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Terms in the forth chaos We have 




3|2 


h,h 


< 

r\j 


'^9p{kf / 05(fc[l234] - fc)^'0<(fc,^[12])Vo(fc[12],fc[34])^ 


l-2P,29<Ar 


\k2?\h?\h\^\kA?\k[i2]\ 


'■|fc[i2]l<Af,|fc[34]l<Af^^l234 


(^Ifci7-A 




'■|fcl2-A;|oo>Af,|fcl2|oc<Af + ^|fcl2-fc|oo<Af,V<|fcl2|oc<3v) 

<l2P,29<V f 9q{k[i234] “ 

k 

<l2P,2'J<V [ 9q{k[i234:] — k)— -r^—-r^C?A;[i2][34]-^ ^ 

i F[i2]rF[34]r 

<l2P,2.<v2='^22''iV-2. 

Here in the second inequality we used \kyi 2 ]\ — N and in the third inequality we used N~^ < 

I^[i 2 ] ^ |/c[ 34 ]|“^ and in the last inequality we used Lemma 6.5. 

Furthermore for the terms associated with and we can also 

obtain similar estimates by similar arguments. Thus the result follows. □ 

Proof of Theorem 6.10 For t, s > 0 we have 

F;[||(H^(iF^ + Kl ^ + Kl {u\k‘^ + {u\k^)){t) 

- {A^{K^ + Kl K)^’2 + er*3(^.)o.2) ^ ^^ey,2 ^ (5)^(ci-yc-v.-^.): 

<E[\\{A^{K^ + Kl + B^ik^ + kl K)"’^ + er*^K)"’^))(i) 


l/r 


< 


(A^iK^ + Kl (ulk^ + + B^ik^ + kl K)"’2 + pp^lulkDis) 

Ijr 




\l/r 


29d-l/2-25+«)2-pdl-^)l2p^2«<^[(23P22'? + 2‘^P2^l\t - 5|^iV"2+2A+«]r/2 

p,g 

<1^ jy—5+2 k;+A 

Here <5 > 2^; + A > 0. Thus the result follows by using Kolmogorov’s continuity criterion. □ 


N 


6.4 Convergence of D 

In this subsection we prove that 0 as £ 0. Now we have the following identity: for 

t ^ [ 0 ; T], 

4 

ir„((/ - FA,)jr<(li5, K‘), (li')°’=)(i) + MPnt<(4, (Aw - Pw)*’'), + 4)- 

2=1 
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Here 


-2 efcn23456^|V'0(^[12345],^[67|)V’<(^|123]>^|45])(l|A:[i2345,|o<,>wl|fc[4Sll<»<« + l|';ii43451 U<«^W<|A![43,U<3w] 

f‘ / <i<T<i<TF,'_,(fc|i23|)nf.iP'_.,(fci)pf_,(4[43|)»2(e4|45l)nt4fS-,.(fc.)nL«2’,-.,(*:<)W'(<i’).234367) 

Jo Jo 

■= j Git, X, 771234567 )W^(<^^1234567), 

3 

^ f f G{t,X,rii23{-3)567)dri3W{dr]i25G7), 
i=l '' 

J G{t, X,r]i2345i-3)7)dr]3W{dr]i2i37), = 4: J G{t, X,r]i234:5i-5)7)]dr]5W{dr]i23i7), 

^ = 6 [ j G{t, x,rii23(-3)(- 2 ) 67 )dr]23^{driiQ7), 
i=i d J 

=24 J J G{t, x,r]i23{-3)5i-2)7)dr]23W{dr]i37), I= 12 J J G{t, x,r]i23(-3)5(-5)7)dr]33W{dr]i27) 

dt^=^ J J G{t,X,rii2343(-2){-3))dri23W{drii47,),lf^ = 12 J J G{t,X,r]i234:5(-3)(-4:))dr]34W{drii23) 

=2 j 1^ G{t, x,r]i2343(-4)(-5))dr]45W{dr]i23), 

If = 


3 

^= 12 f f G{t, x,r]i 23 {-i)(- 2 ){- 3 ) 7 )drii 23 W{dr] 7 ), 

i=i d J 


—12 J J G{t, x,r]i23(-3)5(-2){-i))dr]i23W{dr]3), — 24 J J G{t, x,r]i23(-3)5(-5)-2)dr]235W{dr]i), 

and J/ is defined similarly as // with ^[ 123 ], ^[ 12345 ], replaced by ^[ 123 ], ^[ 12345 ], 

respectively and Jl, i = 2, 3,4 is defined similarly as I]: with the G replaced by that associated 
with J^. 

Terms in the seventh chaos Now we have 


E\^qdl\‘^ ^ J d{2 ''/^[1234567])'0o(/S[ 12345],/^[67])7/’<(/S[123], fc[45])(l|fc[i2345]|oo>Ar,|fc[45]|oo<V + l|fc[i2345lloc<Af,|fc[45,|oo>v) 

7 1 1 

1 ^ |fc[i,3]n%5]P(|fc[123]P + Ell \hmkm? + EL \k ^' 


-dk 


1234567, 


Observe that I/C 45 I 00 — iV on the support of '0<(fc[i23], ^[ 45 ])l|fc[i 2345 ]|oo>w, which combining with 
Lemma 6.1 implies that the above term can be bounded by 


J 9{2 '^fc[l234567])l|A:[45]|oo^W,2'i<V 

< / 12'?<V^(2 '^/i;[1234567]) 


N-2 -k I 


I ^[12345] P '' l^[67] 


-dk 


[12345] [67] 


<^^[123] [45] [67] 

^Kc22qK 
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Terms in the fifth chaos: Consider first: by the formula we know that \k^ — k^\ ^ N 




<l2'J<Ar / 9{2 '^fc[12567])njL, 


^\h\^\ki\^\k2\^ 


\ksm,-ks\^ + \k,mk[u3]\^ + \k,-ks\^) 

2 


dk: 


-dk'- 


< 

rsj 


|/S3p(|/^5 - + |%23]P)(|/S[123]P + |/^3p) 

j\j--4:+2k 


{\k5-k3\^N,\k5\<N}dki2567 


Here in the hrst inequality we consider a < d and a > d separately and we used |/c[i 23 ]P + |/c 3 p ^ 
|/i:[i 2 ]P in the second inequality. 

Now we consider and in this case we have |/c[ 45 ]| — N, which implies that 


I ~129<V / 9(2 ^fc[12457])l|fc45l^=A^l 


1 

f 1 

?\k2\ 

P %5[ 

mrJ 

( ^[123] 

l^ + lhl 

nh\ 


jdk^Y dki2[4s\7 


^^2<1<N / 9(2 '^^[12457]) 


N 


—2—k 


\k[i2]\^ '^\k[45]\^ ^{krl 


:dk 


[12] [45] 7 


^K2^2qK 


Here in the second inequality we used |/c[i 23 [P + Ik^l"^ > l^[i 2 [P- 
For we have |/c[ 45 ]| ^ N 


I ^l2'J<V J 9(2 ''fc[12347[)l{|fc[45]|oo^Ar}nj^i 

1 , r 


1 1 
1 


< 


(|^[123[P + X]i=l l^*P)l^[123[l^ J (|^[45[P + |^4P)|^5| 

r 1 a^- 2 +« 

/ l2'?<v6'(2 '^A:[12347[)' 


;dk^Y dki2347 


|fc[1234[P \k7\ 


-dk[i234]7 ^ 


where we used |/c[ 45 ]P + |/c 4 p > \k^\‘^ in the second inequality. 
Terms in the third chaos: For we have 


F'lAqjfY ^l2-J<W J 9(2 '^fc[167[)'?/^o(fcl, %7[)V'<(^[123[, fc[23[)(l[fci|oc>V,|fcp3][oo<Af + l[fci[oo<W,Af<|fcp3][oc<3Af) 

\kl\^\k,\^\k7?^l (|fc[123[|2 + \kl23f)\kl23f\k2\^\k3\^^^^^ 
r Ar-3-K 

Here we used Ifcpsjp < 1^2^ + in the hrst inequality and in the second inequality we used 

|fc[23[| - N. 
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For Jp we have 


E\^qir? ~129<V J 0{2 '^/^[157])l{|fcs-fc3|oc^Ar}y^ 


1 


dh 


23 


<1 


(1^5 - + \h\^){\k[i23]\^ + 1^2^ + \h - h\^)\k2\'^\h\^ 

1 

(|%23]P + \k2\^ + \hmk[l23]\^ + \k2\^ + \h - hm2?\h\^ 

1 


dk 


23 


dk 


157 


21 <N 



-3 


rrffci57 < 


|fcl|2|/c5|3-'^|/C7|2 

Here in the hrst inequality we consider a < d and a > d separately. For we have 

1 


E\Aglf^\‘^ <121<N j 0{2 ‘'fc[127])l|fc5-fc3NAf,|fc[i2]l<A^|^ 


\ki\^\k2nkj\^ 

1 


(l^sP + 1^5 ~ ^3p + |^5P)(|^[123] p + 1^5 ~ ^3^ + I ^5 P) I ^3 PI ^5 P 

2 


dk: 


35 


(1^3^ + |%23]P)(|fc[123]P + 1^5 - /S3P + |^5P) |^sP |^5P 
r ]\J- 2 + 2 k 

<h.<N / 0(2-''fc[i27])^^z;^^%2]7<^"22^". 


dk 


35 


dk 


127 


\k[ 12 ]\^ ^1^71^ 


For we have 


i^lMf p <1 


21 <N 



Mk[23]\<N '' ^ 


- dk23 I dk\^3 

(l%23]P + Et2l^*P)|fc2P|fc3P 7 

r Afi^ 

<hi<N / ^(2~‘'fc[145])l|fc;45]|oc^V |,^_ 151,^ |7 ^1[45] 5, 


For J7 we have 


B|A,/i>y <l2.<„ I «(2-’%25|)1|1„,| 
r 1 

( 




I%5]P|a^iP 

1 

\W\Wm 


dk34)‘^dki25 


J (|fc[45]P + |A^4P)(|%23]P + |A^3P)|A:3P|A;4P 
r Ar- 2 +K 

<!«<„ j 9(2-«fc|i25|)< £'2 

Here in the second inequality we used |/c[i 23 ]P + 1^3 P ^ |^[i 2 ]P- 
For J7 we have 

(^I^[12345] l^[45] loo<A^ ^|^[12345] Ioo<-^^A^<|^[ 45] loo<3A^) \ 

-?-a/C45 a/Ci23, 

(i%4!,ir^+E?.4i*^.p)i*^4r^ifc5P 7 
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Now we use similar argument as Section 6.3. In the first case without loss of generality we 
assume that + ^[45]I ^ ^ some i. Then there are at most |fc[]^23]l values of with 

I ^[12345] I ^ ^ I ^[45] I — second case similarly we obtain that there are at most 

I^[ 123 ]I values of with > N and |/C[i 2345 ]l ^ Thus we obtain 

EWlf\^ <U.<N f e{2-%u3])N-^^^-^dk[u3]<£^2'i\ 

J \k[ 123 ]\ 


Terms in the first chaos: For we obtain that 


F;|Vfp< j e{2-^kj) 
^0(2-''A:7) 


Hfc[i2]l^v 


1 2 


< 

rsj 


1^7 

^- 2 +k 


2 I |A:2P|fc3nfci|2(|A:[i23]P + |A:3|2)|%2]P 


dk 


123 


dE 


\k^ 


dkj < 


For we obtain that 




4Fi|oo<Af,i=l,2,3} 


(|fc[123]P + J2i=l l^*P)(l^[5-3]P + 1^3^. 


-dki 23 dk^ 


< e{2-^k5)^^dk^<e^2^'^\ 


\k5 


For we obtain that 


B|A,yT</9(2-''fc.)^( 


L|fc5-3|^Af 


\k2\^\k3?\k^\^{\k[i23]? + 1/^2^ + |/C3p)(|/C[5-3]P + |/^5| 


-dfc 235 dki 


r /v-2+« 

< j 9{2-<>k,)^^dk,<e^2^^\ 


Moreover for Jl and other terms in we could use similar calculations and Lemma 6.5 
to obtain the same estimates. Then by using Gaussian hypercontractivity, Lemma 2.1 and 
Kolomogorov continuity criterion we obtain that Dpf —0 as e —?■ 0. 
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